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Fig. 4. (Left) Empirical and predicted model parameter distributions.
(a) Top, the empirical trajectory precision matrix. Below, the DCT—2
matrix from Sect. 3.2.3. (b) Each plot corresponds to a coefficient Cj;

in the matrix C. The red curve shows the predicted standard normal
pdf, the histogram shows the empirical distribution. (c) Distribution of
singular values for empirical shape covariances (black), compared to
the predicted fall-off induced by p(B) (red).

6 RESULTS
6.1 Validation on Natural Motions

We validate the proposed distribution and the four components of
our model by computing statistics on a large set of natural motions.
We use the CMU Motion Capture database, where we subsample
the data to retain point tracks for 15 joint locations on the body,
yielding N = 5402 30-frame sub-sequences X,, which we also
align using Procrustes analysis and center around the mean.
I. Kronecker-Markov Covariance Structure. (Sect. 3.2)

2(left) shows the empirical sample covariance matrix
4+ vee(X,) vec(X,)T computed on the full set of se-
quences. On the right, we show the covariance associated with
the matrix normal distribution, i.e., A ® X, where A is com-
puted’ as the ﬁovarlance of the rows A = ﬁ X 5 Xn, and
Y = o L X XT, with v = S5tr(A). Note that this
separable appr0x1mat1on captures most of the structure and energy
in the covariance using far fewer parameter than a full covariance
matrix. Fig. 3 shows the empirical covariance matrix for a dataset
of face motion capture data (an example frame can be seen in
Fig. 10), for a subset of P = 10 points and F' = 10 frames at
30Hz sampled from 158s of data.
II. Analytical Trajectory Distribution. (Sect. 3.2.1, 3.2.3)
Fig. 4(a) shows that the empirical precision matrix computed over
trajectories (the inverse of the sample covariance, 2_1) closely
resembles the regularizer predicted by the DCT—2 matrix. Most
correlations in the data are captured by the analytical model.
I11. Distribution of Coefficients. (Sect. 3.3)
The matrix normal model assumes a standard normal distribution
over the latent coefficients, i.e., C;_; ~N (0,1). Given a large set
of natural motion sequences, we can verify the accuracy of this
assumption by fitting the model coefficients C,, € R *3F to each
sequence X,,, and plotting the resulting histogram of coefficient
values. Fig. 4(b) shows that the empirical distribution can be more
spiked, closer to Laplacian or Cauchy in practice.
IV. Hierarchical Prior on Shape Covariance. (Sect. 4.2)
We sample shape covariance matrices from the prior
B~MN(0,I3p,I3p) and compute their singular values (SVs).
Fig. 4(c) compares the energy fall-off in SVs from sampled

7. ML estimates of the parameters for noiseless data can be obtained using
a “flip-flop” algorithm [38], but in practice we obtained better results with the
described procedure.

Fig. 5. Inference of missing data with learned distribution parameters.
Subscript tr indicates an orthonormal truncation method.

matrices to that of empirically computed covariance matrices. The
plot shows the mean SVs and %3 standard deviations. The fall-off
in energy of the singular values by the prior on B is not as quick
as observed in data, but the choice allows convex optimization.

6.2 Missing Data in Motion Capture

To characterize the models’ resilience to the patterns of missing
data encountered in dynamic reconstruction, we simulate different
patterns of occlusion, and we decouple the problem from that of
projection loss and reconstructibility [21] by studying inference in
3D. The task is to infer or complete a dynamic 3D point cloud
from a reduced set of 3D observations—a practical application
would be filling in missing markers in motion capture data. We
use the observation model O ;s as per Sect. 3.1.

I. Known Distribution Parameters. (Sect. 4.1)

When 3D training data is available, we can learn the parameters for
MND distribution and perform inference with Eq. (15). We com-
pare with the models corresponding to probabilistic and truncated
versions of shape, trajectory, and shape-trajectory distributions
(summarized in Table 1). Additionally, we evaluate against a
probabilistic PCA model trained on the vectorized spatiotemporal
sequences, i.e., y = ® VeC(X) + €. We report mean 3D error in
Fig. 5. As a reference, the error incurred when using the mean
shape at every frame as an estimation is ~175 cm.

For this experiment, we use data from the CMU Motion
Capture database. We take 50 random sequences of 20 s in
duration, sample them at 30 Hz and Procrustes align and mean
center them. There are 31 markers on the body, and we subdivide
each sequence into 1s chunks resulting in F'=30 and P=31. We
train all models on 49 of the sequences, and test on a random 1s
segment of the left out sequence. We simulate random occlusion
on a percentage of the points and report the average over 50
trials. For the probabilistic models, we set the noise variance to 0.
For models relying on truncation of the basis, we sweep over all
possible levels of truncation and pick the best number a posteriori.
Note that the MND model with factored covariance performs
equally well or better than PCA on the vectorized sequences, while
requiring less training data (50 times less in this experiment). This
allows us to train a local model only on subsequences neighboring
the test data; the model is more specific and results in lower error.
II. Unknown Distribution Parameters. (Sect. 4.2)

When no training data is available, we perform inference with
Eq. (20). In Figure 6, we compare our approach with three differ-
ent priors: (1) a trajectory-only prior, (2) a trace-norm prior, and
(3) an additive combination of the trace-norm and trajectory priors.
We assume Gaussian observation noise with standard deviation
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Fig. 6. Inferring missing data under three different occlusion patterns when the shape distribution is unknown. The graphs show mean Euclidean
error in the reconstruction under the occlusion models discussed in Section[6.2] The bottom two results correspond to the method of Sect. We
investigate two different arrangements for the data matrix, 3F x P and F' x 3P, which capture different correlations of the data. For this experiment,
3F x P usually offered better performance, which we report on our method. The data is from dense human motion capture originally intended to

measure non-rigid skin deformation while running in place.

o=1 mm for all methods. We use dense motion capture data from
Park and Hodgins [46]]. The sequences are captured at 120 Hz
with a dense spatial sampling across the body. We downsample by
four spatially and temporally, yielding a point cloud of 118 points
at 30 Hz across 162 frames. We measure reconstruction error
as mean Euclidean distance over all points, under three different
patterns of missing data: (a) Random: We occlude points (z,y,%2)
at random until we achieve a percentage of missing data. This
pattern of occlusion is not common in practical situations, but is
of interest theoretically: theorems about performance of the trace
norm as an approximation to the rank are based on this pattern.
(b) Detection loss: We model detection loss by occluding spatially
proximal points during 1 second durations (30 frames), simulating
an occlusion. We superimpose these simulated occlusions to in-
crease the amount of missing data. (¢) Correspondence loss: We
duplicate every point trajectory. Each of the resulting trajectories
is observable during a non-overlapping duration, resulting in a
pattern similar to that observed when tracking from visual features.
The resulting occlusion patterns are shown as insets in Fig. [f]
We note that correspondence loss results in a much harder
problem. Independently of the occlusion pattern, the proposed
approach shows improved results. The performance drop when
additionally optimizing rotations (Sect. [5.2) is explained by the
nature of the data, which contains almost no rotation and very little
translation. We expect the reduced performance of PNqﬂ in this
experiment is for the same reason. Because there is no temporal
smoothness constraint on the rotations, for high percentages of
missing data the rotation estimation overfits the observed points.

6.3 Non-rigid Structure from Motion

We compare the performance of our time-varying point cloud
reconstruction method using Eq. (20) on a standard set of structure
from motion sequences, where the only data loss is from projec-
tion. In Table[2] we report normalized mean 3D error as computed
in [1]] for four methods, (1) KSTA [1]], a non-linear kernelized
shape-trajectory method, (2) Dai et al. [14], (3) a trajectory-only
prior, (4) PND [16], and (5) our approach. For our methods (MND
and MND+R), we compute the camera matrices as in Dai et

8. The original code was modified to compensate for translations of the
object. Large amounts of missing data also proved problematic, resulting in
numerical issues for some data points in the graph.

TABLE 2
Comparison on zero-noise standard NRSfM sequences using
normalized mean 3D error [1], [14].

| Dataset [ KSTA [ Dai | Tra. | PND | MND | MND+R

Drink 0.0156 | 0.0266 | 0.0102 | 0.0868 | 0.0099 0.0898
Pick-up 0.2322 | 0.1731 | 0.1707 | 0.1188 | 0.1707 0.0935
Yoga 0.1476 | 0.1150 | 0.1125 | 0.1040 | 0.1114 0.1084
Stretch 0.0674 | 0.1034 | 0.0972 | 0.0908 | 0.0940 0.1213
Dance 0.2504 | 0.1842 | 0.1385 | 0.6394 | 0.1347 0.1598
Face2 0.0339 | 0.0303 | 0.0408 | 0.0306 | 0.0299 0.0333
Walking2 | 0.1029 | 0.1298 | 0.3111 | 0.2948 | 0.1615 0.705
Shark2 0.0160 | 0.2358 | 0.1380 | 0.6166 | 0.1297 0.0684

al. [14] ﬂ and set o=1 and A=0 (the sequences are translationally
mean-centered). For Dai et al. and KSTA, the optimal parameter
k was chosen for each test.

We also evaluated the robustness with respect to missing data
compared to the Procrustean Normal Distribution (PND) of Lee
et al. [16]. We report these results in Table [3] using the metric
used in [[16]. Note that this metric is different from that used
in [14], computing normalized mean 3D error on the mean-
centered trajectories including camera motion (see [16]). When
using the camera matrix optimization procedure of Sect.
(MND+R), we see similar or a slight improvement in performance
for most sequences. However, the improvements using MND+R
are much smaller than we expected; and the solutions have larger
error variance. We attribute this to two factors: (1) the estimated
rotations are completely unconstrained and may not be smooth,
and (2) the optimization procedure of Sect.[5.2]is no longer being
convex and the solution can stagnate at a poor local minimum.

6.4 Multiview Dynamic Reconstruction

We perform a qualitative evaluation of the method of Sect. [4.2]
on a dynamic reconstruction sequence from Park et al. [20]. This
sequence is observed very sparsely by multiple cameras taking
snapshots of the scene at a rate of around 1 per second. We aim to
reconstruct the original motion at 30 Hz. Because the observations

9. For KSTA [1]], the camera matrices are computed as per Akhter et al. [19].
Our method shows improved performance on 5 of 8 sequences, while the non-
linear KSTA method can achieve better performance on some sequences. The
implementation of Dai et al. and KSTA was provided by the respective authors.
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TABLE 3
Comparison with the PND method of Lee et al. for 0%, 30%, and 60% missing data. We show results using fixed cameras (MND), and
optimized using the algorithm of Section[5.2] (MND+R).

Fig. 7. Multiview reconstruction on the “Rock Climbing” sequence
from [20]. Annotated labels are shown in white. (Left) Qualitative com-
parison. The top row shows a result on the full data (104 camera
snapshots of 45 points). All methods perform similarly for fully observed
frames. The bottom row shows a result on a simulated occlusion (see
text). (Center) Reconstructed 3D trajectories of the points, side view
of the climbing wall. The arrows denote the direction of motion of the
climber. (Right) z,y,z-plot of the mean trajectories of the imputed points.

are now 2D image measurements under 3D-to-2D perspective
projection, we use an observation model Oy, corresponding to a
matrix re-arrangement of the observation model described in [20].

Fig. [7] shows reconstructions on a climbing sequence, where
we have simulated occlusion of the left foot. Because ground truth
is not available, to obtain a reference reconstruction we first run all
methods on the full data and average the resulting structure. This
result is shown in black. Fig. [/[left) shows a simulated occlusion
of the points on the left foot during the first 6 seconds of the
sequence. The trajectory-only prior ||®+X||% gives a smooth
solution, but the foot is not at a coherent location with respect
to the body. Conversely, all trace-norm based methods are able
to infer the position of the left foot (bottom row of images)
fairly plausibly in the shape domain. However, when we look
at the temporal domain Fig. [7(right), we observe that the trace-
norm penalization ||X||. results in temporal artifacts—rows in
the matrix with no observations are set to zero. This model is
not adequate for data interpolation: as observed in the matrix
completion literature, the non-uniformity of the missing entries (as
happens when interpolating a sparsely observed signal at 30 Hz)
negatively affects the performance of trace-norm methods. Our
method is able to combine both properties and achieve a smoother
interpolation while maintaining a low-rank structure.

0% missing data 30% missing data 60% missing data
Name PND PMP MND | MND+R Name PND MND | MND+R Name PND MND | MND+R
yoga 0.0140 | 0.0128 | 0.0137 0.0145 yoga 0.0324 | 0.0430 0.0179 yoga 0.0277 | 0.0519 0.0246
pickup | 0.0372 | 0.0127 | 0.0154 0.0142 pickup | 0.0366 | 0.0141 0.0145 pickup | 0.0267 | 0.0675 0.0161
stretch 0.0156 | 0.0124 | 0.0116 0.0170 stretch 0.0151 | 0.0138 0.0173 stretch 0.0308 | 0.0447 0.0236
drink 0.0037 | 0.0018 | 0.0021 0.0022 drink 0.0055 | 0.0027 0.0024 drink 0.0169 | 0.0519 0.0051
dance 0.1834 | 0.1278 | 0.1035 0.1205 dance 0.1768 | 0.1020 0.1205 dance 0.1512 | 0.1072 0.1212
face 0.0165 | 0.0166 | 0.0177 0.0195 face 0.0177 | 0.0200 0.0251 face 0.0208 | 0.0279 0.0487
walking | 0.0465 | 0.0424 | 0.1360 0.3756 walking | 0.0459 | 0.1256 0.3567 walking | 0.0608 | 0.1293 0.3564
jaws 0.0134 | 0.0099 | 0.0882 0.0687 jaws 0.0154 | 0.0825 0.0696 jaws 0.0139 | 0.0813 0.0713
2 4 6 8 10
t(s)
—— MND
Filtering only
—— Trace-norm only
— — Reference

Fig. 8. Reconstructing a dynamic face from a frontal view. The top row
shows frames from a video with superimposed detected 2D landmarks
(green circles). We reconstruct the face in full 3D using Eq. and
show the reprojection onto three other (held out) views for comparison
(yellow). Bottom: ground truth (black), MND (red), trace-norm (blue).

6.5 Monocular reconstruction

In Fig. [§] we show a 3D point cloud reconstruction example from
a frontal view of a face using 2D landmark detections provided by
IntraFace [47]]. The original video is around ~1500 frames long,
which we reconstruct simultaneously. Only a subset of frames is
shown here. We directly use the model of Sect. #.2] and build an
observation matrix O, using the head pose estimation matrices
provided by IntraFace. Our method recovers a time-varying 3D
point cloud of the face, which we can project onto three other
views (not used during reconstruction) to evaluate the accuracy. As
a quantitative comparison, the ground truth was computed by run-
ning the face detector on all views and triangulating the position
of each point. The mean 3D error after Procrustes alignment to the
ground truth shape was 3.3 mm for MND (A\=1e~3), compared
to 3.8 mm for the trace-norm prior (choosing the best weight
A=0.025), and 5.4 mm for MND+R.

6.6 3D Time-varying Point Cloud Reconstruction

In Fig. 9] we show a reconstruction of the baseball sequence ac-
quired by Joo et al. [48]l. The input is a set of 3D point trajectories
obtained from a multi-camera system. Each trajectory is only
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Fig. 9. Reconstructing a baseball motion sequence. Black lines indicate observed points, red lines are inferred trajectories. Two motion trail diagrams
of 30-frame overlapping parts of a baseball swing are shown. The graphs show a close up reconstruction for different subsets of the points.

partially observed (i.e., once a point cannot be tracked forwards
or backwards, its coordinates in subsequent frames are missing).
These sequences are 30-frames in duration and have around ~800
points, which where occluded on average ~15% of the time.
The goal is to obtain complete trajectories for the entire duration
of the video. Here, we show two qualitative reconstructions for
two overlapping 30-frame subsets of these sequences. The graphs
show the trajectories for subsets of points. Note how the recovered
trajectories are smooth, and motion occurs in groups because of
the low-rank effect of the shape prior.

7 CONCLUSIONS

We have identified the Kronecker-Markov structure of the co-
variance of time-varying 3D point cloud data and presented a
generative, probabilistic model based on the MND that explains
this pattern. The model unifies a number of shape and trajectory
models, both probabilistic and algebraic, used in prior art. When
training data is available, the prior is easy to use in a least-
squares framework and greatly outperforms using either shape or
trajectory models independently.

When no training data is available, we show how a connec-
tion between the MND and the trace norm leads to a convex
MAP objective for missing data reconstruction. The advantage
of our convex method is that finding a good solution to the
shape factorization problem is guaranteed—however, this comes
at the expense of employing a prior over shape covariance that
is not as concentrated as observed in practice (see Fig. Ekc)),
and not being able to optimize rotations within the same con-
vex framework. Determining under precisely which conditions
a generalized trace norm regularization implies a Kronecker-
Markov covariance structure is a possible direction of future work.
Conversely, the PND-based optimization procedures, particularly
the closely related Markov PND [24] prior, show very good results
in practice, despite requiring a non-convex optimization and being
sensitive to initialization. Ideally, a combination of the properties
of both models would result in a stable, highly accurate prior for
spatiotemporal data that can be estimated reliably. Along these
lines Cabral et al. [49] have shown that under certain conditions a
bilinear factorization approach using a non-convex procedure can
still converge to the global optimum, and that this optimization
can also be simpler and faster. This seems to suggest that, at least

" Point 76
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Fig. 10. The matrix normal model allows us to compute the expected
value and spatiotemporal covariance of missing data. For this 30 frame
sequence, points have been removed completely from frames 10-20.
Observed points are marked by red dots. We infer missing values and
visualize the mean and 95% confidence bound.

for 3D dynamic reconstruction problems, procedures for finding
good solutions with guarantees that are laxer than convexity might
be found.
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